Matrix elements of the plaquette operator of Lattice Gauge Theory 
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JL . Abstract 

O , We show that in the spin-network basis it is possible to compute the matrix elements of any 

i-C ■ given operator of the Hamiltonian formulation of Lattice Gauge Theory (LGT) . We give the explicit 

calculation for the case of the plaquette operator. 

X. 

^ . 1 Introduction 

In recent papers [[j], ||] we proposed a group theoretical description of the Hilbert space for lattice 
gauge theories (LGT) in the Hamiltonian frameworkjfj]. This approach, based on representation the- 
ory, allows to overcome the problem of selecting the gauge invariant Hilbert space. In particular, 
the difficulty of explicitly solving Mandelstam's identities ||] in the context of Wilson loops Q is cir- 
cumvented. Moreover, such an approach yields a general setting for the computation of the matrix 
elements of the relevant operators. 

We will briefly sketch the main concepts underlying our construction and present a physically 
interesting application as an example. 



2 The spin network basis 

In (cf+1) dimensions the configuration space of LGT is defined associating gauge field variables 
Ufc(x) G G to each link (x, x + ae^) of a hypercubic periodic lattice of period aL, with L a positive 
integer. 
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Figure 1: Graphical representation of (a possible) decomposition of a vertex in a two dimensional 
(left) and in a three dimensional (right) lattice. The solid dots denote the presence of a Wigner 3J 
symbol. 



The corresponding quantum Hilbert space Ti is given by the gauge invariant square integrable 
functions ip(U) = ^{U 1 ) = ip({U^ (x)}) on the tensor product of d ■ L d copies of the gauge group G. 
Gauge transformations act as t7fc(x) — ► U^(x) = 7~ 1 (x + aefc)£/fc(x)7(x). The variables conjugated 
to C/fc(x) are the outgoing/ingoing electric fields E^(x) at the lattice point x in the directions e±k. 

A classical result of representation theory || gives a way of constructing a basis of such Hilbert 
space. In fact, the set TZQ = {TV \j € of all the unitary inequivalent representations of a compact 

group G is numerable and all the representations TV are finite dimensional. They are defined on the 
Hilbert space Tip . Choosing an orthonormal basis for each representation TV , the matrix elements of 
a unitary operator T(U) become D JU) (a, (3 = 1, . . . , dim (?#')) of all the representations TV are 
a numerable orthonormal basis of C 2 [G, dU]. This result, known as the Peter- Weyl theorem, implies 
that each vector of Ti can be written as 
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where only gauge invariant combinations should be taken into account. 

The implementation of gauge invariance turns into a set of constraints on the coefficients c. The 
c's factorize as products of group invariant tensors (intertwining operators) associated to the different 
lattice sites x. By definition, an operator I connecting the Hilbert space of two representations, 1Z and 
TV, is an intertwining operator if I • T{U) = T'(U) ■ I, for every U in G. The set of all intertwining 
operators Z{TZ,TV) is a vector subspace of all the linear operators connecting the Hilbert space of the 
two representations TZ and TV . This gives the coordinate free definition of the generalized Clebsh- 
Gordan coefficients of Yutsis-Levinson-Vanagas which are the matrix elements of these operators on 
the chosen basis. The integral of the product of K representations decomposes according to 

K |^Cj'i-Jk)| on... uk 

dU TT D^ k (U) = y fi-g* MOW*) (2) 

fc=l T |1J 7i-7K l H(ji...j K ) 

where ly[(j 1 ...j K ) € 1(jV Y <g>. . .®TV K , 0), |Hu'i— ix) i s it s adjoint and the sum is extended over a complete 
orthogonal basis of l(K jl ® . . . <g) TV K ,0). 

Summarizing, Peter- Weyl theorem together with gauge invariance lead to the spin network basis 
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elements 



d dim(j£) 



fc=l, 



D 



(C*(x)H 



(3) 



The only non trivial part in this characterization is the choice of a convenient basis for the intertwining 
matrices. A natural choice is to use an orthonormal spin network basis. This is equivalent to the choice 
of an orthonormal basis for the intertwining operator 



dim(j£) 

£ 



"x-l ' 



(4) 



As an example, for SU(2) gauge group in d = 2 dimensions the spin-network basis elements can 
be characterized by three half integers associated to each lattice site. On the other hand, in d = 3 
dimensions six half integers are needed per lattice site (see Fig. 1). 



3 Matrix elements of the plaquette operator 

Using the integral (Q), it is straightforward to compute the action of the plaquette operator on the 
spin-network basis: just take the trace of the intertwining operators. More specifically, this consists 
of the evaluation of specific Wigner's nJ-symbols, which, in turn, involve traces of 6J-symbols. The 
final result is: 




• ^(y)^(y + ™ s )U s T 4(y + ae r )U r %(y) = 

/d dim(j£) dim(j*') 

nn^w e e D«**(u?w)Dto*{u k (x))- 

x k=l &i,/3£ =1 <4i^=l 

• U; l l\{y)Ur lT ^{y + ae s )U s ll(y + ™r)U r %(y) ■ 
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Because of the traces, the choice of an explicit basis is irrelevant, as expected. All the indices of 
the intertwiner matrix elements are traced over their complex conjugate, except the contractor in the 
lattice points y, y+r, y+s and y+r + s. The corresponding matrix elements are 

(j',n'\U y>r , s \j,7r) = [Eq. (26) of ref. 1] . (6) 

Notice that once the intertwining matrices are specified, i.e., when the Clebsh-Gordan coefficients 
are explicitly given, the matrix elements are known. In this way we have reduced the problem of 
the computation of the matrix elements of the plaquette operator to the computation of the trace 
of intertwining operators, i.e., of the trace of generalized Clebsh-Gordan coefficients. Now, it is well 
known that this is nothing more than the evaluation of specific Wigner's n J-symbols and this can be 
always reduced to the computation of a Wigner's 6J-symbol. 
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In the case of SU(2) the Wigner's 6J-symbols are completely known and it is possible to find 
algebraic expressions for such matrix elements. In particular, in 2+1 dimensions and using the corre- 
sponding basis of Fig. 1 the matrix elements of the plaquette U ys \ 2 can be given. They are different 
from zero only if all the six primed and un-primed j x , j x , 7ri+i, i x +i! 7r x+2' Jx+2> differ by a half integer 
for x = y. Their explicit expression is 
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A straightforward application of this result is the computation of the matrix elements of the LGT 
Hamiltonian operator 



H 
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2a: 



<l-2 



X,fc 



1 



Up + U* p 
2dim(£7) 



(7) 



where q a p is the Cartan metric. The sum over P runs over all unoriented plaquettes, Up being the 
plaquette variable. 

In fact, the basis vectors (|3|) are eigenstates of the kinetic term, while the potential (magnetic) 
term is realized as a multiplicative operator. Namely 



n d-A 
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2 a 
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x k=l 



2 g 2 dim([7) 



y r<s=l..d ^ ' 



where the only non diagonal terms are just the afore computed expectation values of the plaquette 
operator. 
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